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Óãëîâûå âåêòîðû â òåîðèè âåêòîðîâ

Àííîòàöèÿ

Ðàññìîòðåíà òåîðèÿ óãëîâûõ âåêòîðîâ, êîòîðàÿ ïîçâîëÿåò ïîëíîöåííî ìîäåëèðîâàòü ñâîéñòâà óãëîâûõ
ôèçè÷åñêèõ âåëè÷èí. Êàðäèíàëüíî ïåðåñìîòðåí è èçìåíåí ñìûñë âåêòîðíîãî ïðîèçâåäåíèÿ âåêòîðîâ. Âû-
âåäåíû ôîðìóëû äëÿ íàõîæäåíèÿ êðóòÿùåãî ìîìåíòà è óãëîâîé ñêîðîñòè â êîîðäèíàòíî-âåêòîðíîì âèäå ñ
ïðàâèëüíûì îòîáðàæåíèåì èõ íàïðàâëåíèé. Îïèñàíî îïðåäåëåíèå è ñâîéñòâà îáðàòíîãî âåêòîðà, êîòîðûé
ïîçâîëÿåò ïðîèçâîäèòü îïåðàöèè âåêòîðíîãî äåëåíèÿ.

Êëþ÷åâûå ñëîâà: óãëîâîé âåêòîð, âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ, îáðàòíûé âåêòîð, òåîðèÿ âåêòîðîâ.

Ñòàòüÿ îïóáëèêîâàíà â Journal of Mathematics Research, https://doi.org/10.5539/jmr.v9n5p71

1. Ââåäåíèå

Äëÿ îïèñàíèÿ ôèçè÷åñêèõ âåëè÷èí, îáëàäàþùèõ íàïðàâëåíèåì (ñêîðîñòü, óñêîðåíèå, ñèëà è äð.), òåîðèÿ
âåêòîðíîé àëãåáðû óñïåøíî îïèñûâàåò ñ ïîìîùüþ ïðÿìîëèíåéíûõ âåêòîðîâ. (Dennis & Michael, 2006 p.
301).

Íî ñóùåñòâóþò òàêæå ôèçè÷åñêèå âåëè÷èíû, îáëàäàþùèå óãëîâûì íàïðàâëåíèåì (óãëîâàÿ ñêîðîñòü, óãëî-
âîå óñêîðåíèå, êðóòÿùèé ìîìåíò, ìîìåíò èíåðöèè è äð.). Äàííûå âåëè÷èíû ìàòåìàòè÷åñêè îïèñûâàþòñÿ
òîæå êàê ïðÿìîëèíåéíûå.

Ïðîáëåìà çàêëþ÷àåòñÿ â òîì, ÷òî ïðè ïîïûòêå ïðåäñòàâèòü óãëîâûå âåëè÷èíû êàê ïðÿìîëèíåéíûå, ìû
ïîëó÷àåì íåñîîòâåòñòâèå íàïðàâëåíèé ôèçè÷åñêîé âåëè÷èíû è ìàòåìàòè÷åñêîãî âåêòîðà. Ìû ïîëó÷àåì
ìàòåìàòè÷åñêèé âåêòîð (Kumar, 2008 p. 75), íàïðàâëåííûé ïåðïåíäèêóëÿðíî ê íàïðàâëåíèþ äåéñòâèÿ ôè-
çè÷åñêîé âåëè÷èíû. À ôèçè÷åñêàÿ âåëè÷èíà íàïðàâëåíà êàê áû ïî îêðóæíîñòè â ïëîñêîñòè åå äåéñòâèÿ.
Íàïðèìåð, íà ðèñ.1 ïîêàçàíî âðàùàþùååñÿ òåëî, è ðàçëè÷èå äåéñòâèòåëüíîãî íàïðàâëåíèÿ óãëîâîé ñêî-
ðîñòè òåëà è ìàòåìàòè÷åñêîãî âåêòîðà óãëîâîé ñêîðîñòè.

Ðèñ. 1: Ãðàôè÷åñêîå ïðåäñòàâëåíèå ìàòåìàòè÷åñêîãî âåêòîðà óãëîâîé ñêîðîñòè è íàïðàâëåíèå ôèçè÷åñêîé
óãëîâîé ñêîðîñòè ïðè âðàùåíèè òåëà

Ðàññìîòðèì áîëåå äåòàëüíî ïðèìåð çàäà÷è ñ íåñîãëàñóþùèìèñÿ íàïðàâëåíèÿìè.

Íàéäåì âåëè÷èíó è íàïðàâëåíèå êðóòÿùåãî ìîìåíòà íà âàëó ïðîïåëëåðà, êîãäà íà åãî ëîïàñòÿõ ñèäÿò
ïòèöû, ðèñ. 2. Ïðîïåëëåð íàõîäèòñÿ â ïëîñêîñòè 0XY.

Ïðè ðåøåíèè åäèíè÷íûõ çàäà÷ ñ ó÷àñòèåì ëþäåé, èñïîëüçóþòñÿ óðàâíåíèÿ îáùåãî âèäà (Boothroyd & Poli,
1980 p.19). Â ýòèõ óðàâíåíèÿõ ïðè ëþáîì èçìåíåíèè ðàñïîëîæåíèÿ ñèë, ïðèõîäèòñÿ âðó÷íóþ óêàçûâàòü
íàïðàâëåíèÿ îáðàçóþùèõñÿ êðóòÿùèõ ìîìåíòîâ.

M = +r1 · F1− r2 · F2 (1)

Äëÿ âû÷èñëåíèÿ â àâòîìàòè÷åñêèõ ïðîãðàììàõ, èñïîëüçóþòñÿ ôîðìóëû íàõîæäåíèÿ ìîìåíòà â êîîðäèíàòíî-
âåêòîðíîì âèäå (Szolga, 2010 p. 28). Íî â íèõ òîæå âîçíèêàåò ïóòàíèöà ñ íàïðàâëåíèÿìè êðóòÿùåãî ìî-
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Ðèñ. 2: Íàëè÷èå ñèë è ìîìåíòà íà âèíòå

ìåíòà:

M̄ =M̄1 + M̄2

M̄1,2 = r̄ × F̄ = (ryFz − rzFy )̄i+ (rzFx − rxFz)j̄ + (rxFy − ryFx)k̄ = Mxī+My j̄ +Mz k̄

M̄1,2 = 0̄i+ 0j̄ + (rxFy − ryFx)k̄ = Mz k̄

(2)

Ó íàñ íå âîçíèêàåò ïóòàíèöû ñî çíàêàìè ñèë (F1,F2) êàê ó ôîðìóë âåêòîðíîãî âèäà, íî íàïðàâëåíèå
îáùåãî ìàòåìàòè÷åñêîãî ìîìåíòà M̄ è äåéñòâèòåëüíîãî ôèçè÷åñêîãî ìîìåíòà íå ñîâïàäàþò. Ïîòîìó ÷òî
îáùèé ìîìåíò ïîëó÷àåòñÿ êàê ïðÿìîëèíåéíûé âåêòîð, íàïðàâëåííûé ïàðàëëåëüíî îñè 0Z äëÿ äàííîé
çàäà÷è. Â ðåçóëüòàòå ìû íå ìîæåì îäíîçíà÷íî óêàçàòü, â êàêóþ ñòîðîíó íàïðàâëåí êðóòÿùèé ôèçè÷åñêèé
ìîìåíò, ïî ÷àñîâîé ñòðåëêå, èëè ïðîòèâ ÷àñîâîé ñòðåëêè.

Äðóãèìè ñëîâàìè ìû íå ìîæåì ïðàâèëüíî îòîáðàçèòü íàïðàâëåíèå óãëîâûõ ôèçè÷åñêèõ âåëè÷èí â ñèñòåìå
êîîðäèíàò.

Äàííàÿ ðàáîòà ïîêàçûâàåò, êàê ìîæíî èçìåíèòü îïèñàíèå ìàòåìàòè÷åñêîé ìîäåëè óãëîâûõ âåëè÷èí, è
ðàññìàòðèâàòü èõ îòäåëüíî îò ïðÿìîëèíåéíûõ. Îïèñàííàÿ òåîðèÿ óãëîâûõ âåêòîðîâ õîðîøî ñîãëàñóåòñÿ
ñ òåîðèåé ïðÿìîëèíåéíûõ âåêòîðîâ è ÿâëÿåòñÿ åå äîïîëíåíèåì. Ïðè ýòîì ðàñøèðÿþòñÿ âîçìîæíîñòè
ïðèìåíåíèÿ îáùåé òåîðèè âåêòîðíîãî ìîäåëèðîâàíèÿ.

Åñëè ñäåëàòü êðàòêèé îáçîð, òî â èñïîëüçóåìûõ ôîðìóëàõ, óãëîâûå âåêòîðû ïî÷òè íå îòëè÷àþòñÿ îò ïðÿ-
ìîëèíåéíûõ âåêòîðîâ. Ãëàâíîå èõ îòëè÷èå � ýòî ïðåäñòàâëåíèå óãëîâûõ âåêòîðîâ è èõ ïðîåêöèé, â ñèñòåìå
êîîðäèíàò. Òàê æå ïðåäëîæåíû èçìåíåíèÿ â âåêòîðíîì ïðîèçâåäåíèè âåêòîðîâ. È áëàãîäàðÿ îïèñàííîìó
îáðàòíîìó âåêòîðó, ïîÿâëÿåòñÿ âîçìîæíîñòü âåêòîðíîãî äåëåíèÿ.

2. Òåîðèÿ óãëîâûõ âåêòîðîâ

Äëÿ îïèñàíèÿ ôèçè÷åñêèõ âåëè÷èí, îáëàäàþùèõ âåëè÷èíîé è íàïðàâëåíèåì, ïðèìåíÿåòñÿ ìàòåìàòè÷å-
ñêàÿ ìîäåëü � íàçûâàåìàÿ âåêòîð. Ôèçè÷åñêèå âåëè÷èíû ðàçëè÷àþòñÿ ïî òèïó (ñêîðîñòü, óñêîðåíèå. . . ),
ïîýòîìó íóæíî ïîìíèòü, ÷òî âåêòîðû òîæå óñëîâíî ðàçäåëÿþòñÿ ïî òèïó ïðåäñòàâëÿåìûõ ôèçè÷åñêèõ
âåëè÷èí.

2.1 Îáîçíà÷åíèå âåêòîðîâ

Óãëîâîé âåêòîð èìååò ðàçìåð (âåëè÷èíó) è íàïðàâëåíèå, íî íå îáëàäàåò òî÷íûì ìåñòîïîëîæåíèåì,
è íàõîäèòñÿ â ïëîñêîñòè äåéñòâèÿ îòîáðàæàåìîé ôèçè÷åñêîé âåëè÷èíû. Ýòî ñâîéñòâî âñåõ óãëîâûõ
âåêòîðîâ ïîêàæåì íà ïðèìåðàõ äëÿ êèíåìàòè÷åñêèõ è ñèëîâûõ âåëè÷èí.

Ïðèìåð 1: Ñàòåëëèò äèôôåðåíöèàëüíîãî ìåõàíèçìà èìååò ñëîæíîå äâèæåíèå è âðàùàåòñÿ âîêðóã äâóõ
îñåé: îñíîâíîé îñè è ïîäâèæíîé îñè. Ñëåäîâàòåëüíî, îí èìååò òðè óãëîâûå ñêîðîñòè: âîêðóã îñíîâíîé
îñè, âîêðóã ïîäâèæíîé îñè è îáùóþ óãëîâóþ ñêîðîñòü, êîòîðàÿ íå èìååò ñâîåé îñè. Íî âñå ýòè óãëîâûå
ñêîðîñòè èìåþò íàïðàâëåíèå è âåëè÷èíó.

Äàæå äëÿ âåêòîðà óãëîâîé ñêîðîñòè, êîòîðàÿ èìååò ñâîþ îñü âðàùåíèÿ, ìû íå ìîæåì óêàçàòü òî ìåñòî
íà ïëîñêîñòè, ãäå îí íàõîäèòñÿ â äàííûé ìîìåíò âðåìåíè.

Ïðèìåð 2: Óãëîâîé âåêòîð êðóòÿùåãî ìîìåíòà ïðèîáðåòàåò òî÷íîå ìåñòîïîëîæåíèå òîëüêî ïðè íàëè÷èè
ñâÿçåé, â êîòîðûõ èç êðóòÿùåãî ìîìåíòà ôîðìèðóþòñÿ ñèëû. Ìåñòîïîëîæåíèå ñâÿçåé ìîãóò ìåíÿòüñÿ,
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ñëåäîâàòåëüíî, ìåíÿþòñÿ è ñèëû, ïðè ýòîì âåëè÷èíà è íàïðàâëåíèå ìîìåíòà íå ìåíÿåòñÿ.

Ãåîìåòðè÷åñêîå îáîçíà÷åíèå

Èçîáðàæåíèÿ óãëîâûõ âåêòîðîâ óæå äàâíî èçâåñòíû. Ýòî ìîãóò áûòü èçîãíóòûå ñòðåëêè îòîáðàæàþùèå
êèíåìàòè÷åñêèå âåëè÷èíû, ðèñ.3 (óãëîâîé ñêîðîñòè, óãëîâîãî óñêîðåíèÿ). Èëè ñòðåëêè (äâóõ ñòðåëîê)
ñ ðû÷àãîì, îòîáðàæàþùèå ñèëîâûå âåëè÷èíû (êðóòÿùèé ìîìåíò, ìîìåíò èíåðöèè). Ýòè îáîçíà÷åíèÿ
óñëîâíî îòîáðàæàþò î íàëè÷èè óãëîâîãî âåêòîðà íà ïëîñêîñòè.

Ðèñ. 3: Îáîçíà÷åíèÿ óãëîâûõ âåêòîðîâ

Ìàòåìàòè÷åñêîå îáîçíà÷åíèå

Äëÿ îòëè÷èÿ îò ïðÿìîëèíåéíîãî âåêòîðà, óãëîâîé âåêòîð ìîæíî îáîçíà÷àòü ñ èçîãíóòîé ñòðåëêîé (ëèíèåé)

íàä áóêâîé
a
b .

Â ñèñòåìå êîîðäèíàò óãëîâîé âåêòîð îáîçíà÷àåòñÿ êàê ïðîåêöèÿ, íà êîîðäèíàòíûå ïëîñêîñòè

a
b(bxy, byz, bzx) (3)

Ðèñ. 4: Ïðåäñòàâëåíèå óãëîâîãî âåêòîðà â ñèñòåìå êîîðäèíàò

Äàííàÿ ôîðìà çàïèñè (íåÿâíàÿ) ïîêàçûâàåò òîëüêî íàïðàâëåíèå è âåëè÷èíó âåêòîðà, è òî÷íî â ñèñòåìå
êîîðäèíàò åãî íå îïðåäåëÿåò. Ýòîò âåêòîð ìîæåò áûòü îäíèì èç ìíîæåñòâà ïàðàëëåëüíûõ, îäèíàêîâî
íàïðàâëåííûõ óãëîâûõ âåêòîðîâ.

Òîëüêî òàê ìîæíî ïðåäñòàâèòü ôèçè÷åñêóþ âåëè÷èíó áåç òî÷íîãî ìåñòîïîëîæåíèÿ, ðàñïîëîæåííóþ íà
êàêîé-òî ïëîñêîñòè.

Óãëîâîé âåêòîð íå ìîæåò ïðîåöèðîâàòüñÿ íà êîîðäèíàòíûå îñè, òàê êàê ïðè ïåðåõîäå íà êîîðäèíàòíûå
îñè ìû òåðÿåì íàïðàâëåíèå óãëîâîãî âåêòîðà. Ïðîåêöèÿ óãëîâîãî âåêòîðà íà ïëîñêîñòü, êîòîðàÿ ïåðïåí-
äèêóëÿðíà ê ïëîñêîñòè, â êîòîðîé îí íàõîäèòüñÿ � ðàâíà íóëþ.
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Ãðàôè÷åñêè óãëîâîé âåêòîð ìîæíî ïðåäñòàâèòü, êàê ïëîùàäü êàêîé-òî ôèãóðû (äëÿ êðóòÿùåãî ìîìåíòà
� ïëîùàäü ïàðàëëåëîãðàììà).

Â ñèñòåìå êîîðäèíàò, êðîìå ïðÿìîëèíåéíîãî ïîëîæèòåëüíîãî íàïðàâëåíèÿ (êîîðäèíàòíûå îñè), íóæíî
óêàçûâàòü åùå è óãëîâûå ïîëîæèòåëüíûå íàïðàâëåíèÿ, ðèñ.5. Íàïðèìåð, â âèäå èçîãíóòûõ ñòðåëîê â
êàæäîé ïëîñêîñòè. Ïðè îïèñàíèè ïîëîæèòåëüíîå óãëîâîå íàïðàâëåíèå óêàçûâàåòñÿ îò îäíîé îñè êîîð-
äèíàò ê äðóãîé. Íàïðèìåð, äëÿ ðèñ. 5(á) ïîëîæèòåëüíîå óãëîâîå íàïðàâëåíèå ìåæäó îñÿìè íàïðàâëåíû:
Ox→ Oy → Oz.

Ðèñ. 5: Îïðåäåëåíèå óãëîâîãî íàïðàâëåíèÿ â ñèñòåìå êîîðäèíàò

Ââåäåíèå óãëîâîãî íàïðàâëåíèÿ â ñèñòåìå êîîðäèíàò, ïîçâîëÿåò çàäàâàòü ïîëîæèòåëüíîå íàïðàâëåíèå
ïðîåêöèé óãëîâûõ âåêòîðîâ â êîîðäèíàòíûõ ïëîñêîñòÿõ.

Â îáîçíà÷åíèè ïðîåêöèé óãëîâûõ âåêòîðîâ íà êîîðäèíàòíûå ïëîñêîñòè, ïîðÿäîê ðàñïîëîæåíèÿ èíäåê-
ñîâ óêàçûâàåò íà èõ óãëîâîå íàïðàâëåíèå. Òàê äëÿ ïðîåêöèè âåêòîðà bxy ïîëîæèòåëüíîå íàïðàâëåíèå â
êîîðäèíàòíûõ îñÿõ áóäåò Ox→ Oy. Òîãäà

bxy = −byx byz = −bzy bzx = −bxz (4)

Ìîäóëü óãëîâîãî âåêòîðà íàõîäèòñÿ, òàê æå êàê è äëÿ ïðÿìîëèíåéíîãî âåêòîðà

|ab | =
√
b2xy + b2yz + b2zx (5)

Åäèíè÷íûå óãëîâûå âåêòîðû (áàçèñû), òàê æå êàê è ïðÿìîëèíåéíûå áàçèñû îòðàæàþò ïîëîæèòåëüíîå
íàïðàâëåíèå â âûáðàííîé ñèñòåìå êîîðäèíàò, ðèñ.6.

Â äàííîé ðàáîòå óñëîâíî ïðèìåì íàçâàíèÿ óãëîâûõ áàçèñîâ, êîòîðûå ïðèíàäëåæàò ïëîñêîñòÿì:
a
l ∈ OXY (), am ∈ OY Z, an ∈ OZX
Ïðÿìîëèíåéíûå áàçèñû ī, j̄, k̄ − çàäàþò ìàñøòàá ñèñòåìû êîîðäèíàò è õàðàêòåðèçóþò å¼ òèï.

Óãëîâûå áàçèñû
a
l , am,an − ïîêàçûâàþò òîëüêî ïîëîæèòåëüíîå óãëîâîå íàïðàâëåíèå â êîîðäèíàòíûõ ïëîñ-

êîñòÿõ, èõ ðàçìåð çàâèñèò îò ðàçìåðà ïðÿìîëèíåéíûõ áàçèñîâ (áîëåå ïîäðîáíî â âåêòîðíîì ïðîèçâåäåíèè
âåêòîðîâ).

Ðèñ. 6: Óãëîâûå áàçèñû â ñèñòåìå êîîðäèíàò

Ðàññìîòðèì îñíîâíûå ìàòåìàòè÷åñêèå îïåðàöèè íàä óãëîâûìè âåêòîðàìè:
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2.2 Ñëîæåíèå âåêòîðîâ

Äàííàÿ îïåðàöèÿ âîçìîæíà òîëüêî ñðåäè îäíîòèïíûõ âåêòîðîâ. Îíà îäèíàêîâà êàê äëÿ ïðÿìîëèíåéíûõ,
òàê è äëÿ óãëîâûõ âåêòîðîâ. Åäèíñòâåííûì èõ îòëè÷èåì ÿâëÿåòñÿ òî, ÷òî ñëîæåíèå óãëîâûõ âåêòîðîâ
íåëüçÿ ïðåäñòàâèòü ãðàôè÷åñêè, ïîòîìó ÷òî óãëîâûå âåêòîðû âûãëÿäÿò êàê ïëîùàäè êàêèõ-òî ôèãóð.

Ñóììà âåêòîðîâ ðàâíà ñóììå èõ ïðîåêöèé:

aa +
a
b =ac aa +

a
b = (axy + bxy, ayz + byz, azx + bzx) (6)

Âñå âåêòîðû ïîä÷èíÿþòñÿ ñâîéñòâó àññîöèàòèâíîñòè (aa +
a
b) + ac = aa + (

a
b + ac) (7)

Âñå âåêòîðû ïîä÷èíÿþòñÿ ñâîéñòâó êîììóòàòèâíîñòè aa +
a
b =

a
b + aa (8)

Äëÿ ëþáîãî âåêòîðà aa ñóùåñòâóåò ïðîòèâîïîëîæíûé âåêòîð −aa, òàêîé ÷òî aa + (−aa) = 0 (9)

×àñòíûå ñëó÷àè ñëîæåíèÿ óãëîâûõ âåêòîðîâ:

Óãëîâîé âåêòîð ìîæíî ïðåäñòàâèòü, êàê ñóììó âåêòîðîâ, êîòîðûå íàõîäÿòñÿ â ïëîñêîñòÿõ ñèñòåìû êîîð-
äèíàò

a
b(bxy, byz, bzx) = ac(bxy, 0, 0) +

a
d(0, byz, 0) +

a
t (0, 0, bzx) (10)

Óãëîâîé âåêòîð ìîæíî ïðåäñòàâèòü, êàê ñóììó âåêòîðîâ, êàæäûé èç êîòîðûõ ïåðïåíäèêóëÿðåí îäíîé èç
ïëîñêîñòåé êîîðäèíàò. Ïðè ýòîì èñõîäíûé âåêòîð â äâà ðàçà áîëüøå ïîëó÷àåìûõ âåêòîðîâ.

2
a
b(2bxy, 2byz, 2bzx) = ac(bxy, byz, 0) +

a
d(0, byz, bzx) +

a
t (bxy, 0, bzx) (11)

2
a
b(2bxy, 2byz, 2bzx) = ac(2bxy, byz, 0) +

a
d(0, byz, 2bzx) (12)

2
a
b(2bxy, 2byz, 2bzx) =

a
d(0, 2byz, bzx) +

a
t (2bxy, 0, bzx) (13)

2
a
b(2bxy, 2byz, 2bzx) = ac(bxy, 2byz, 0) +

a
t (bxy, 0, 2bzx) (14)

2.3 Óãëû ìåæäó ïëîñêîñòüþ óãëîâîãî âåêòîðà è ïëîñêîñòÿìè ñèñòåìû êîîðäèíàò

Óãëîâîé âåêòîð îáðàçóåò ñî ñâîèìè êîîðäèíàòíûìè ïðîåêöèÿìè óãëû ϕ1, ϕ2, ϕ3:


bxy = |ab | · cos(ϕ1)

byz = |ab | · cos(ϕ2)

bzx = |ab | · cos(ϕ3)

,



ϕ1 = arccos

 bxy√
b2xy + b2yz + b2zx


ϕ2 = arccos

 byz√
b2xy + b2yz + b2zx


ϕ3 = arccos

 bzx√
b2xy + b2yz + b2zx


(15)
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2.4 Îáðàòíûé âåêòîð

Îáðàòíûì íàçûâàåòñÿ âåêòîð ā′, êîòîðûé ñîíàïðàâëåí ñ âåêòîðîì ā, è îòëè÷àåòñÿ îò íåãî ðàçìåðîì, ðèñ.7.

|ā′| = 1

|ā|
(16)

Ïðîåêöèè íà îñè îáðàòíîãî ïðÿìîëèíåéíîãî âåêòîðà ðàâíû:

a′x = ax
|ā′|
|ā|

=
ax
|ā|2

=
ax(√

a2
x + a2

y + a2
z

)2 =
ax

a2
x + a2

y + a2
z
, a′y =

ay
a2
x + a2

y + a2
z
, a′z =

az
a2
x + a2

y + a2
z

(17)

Ðèñ. 7: Ïðÿìîëèíåéíûé îáðàòíûé âåêòîð

Äàííûå çàâèñèìîñòè, òàêæå ñïðàâåäëèâû è äëÿ óãëîâîãî îáðàòíîãî âåêòîðà:

|
a
a′| = 1

|aa|
(18)

a′xy =
axy

a2
xy + a2

yz + a2
zx
, a′yz =

ayz
a2
xy + a2

yz + a2
zx
, a′zx =

azx
a2
xy + a2

yz + a2
zx

(19)

2.5 Óìíîæåíèå âåêòîðà íà ñêàëÿð

Åñëè âñå âåêòîðû â óðàâíåíèè îäíîãî òèïà (ïðÿìîëèíåéíûå èëè óãëîâûå), òî ïðè óìíîæåíèè âåêòîðà íà
ñêàëÿð, óìíîæàþòñÿ íà ñêàëÿð âñå åãî ïðîåêöèè

nā(nax, nay, naz) n
a
b(nbxy, nbyz, nbzx) (20)

Äëÿ âñåõ âåêòîðîâ óìíîæåíèå íà åäèíèöó íå ìåíÿåò âåêòîðà 1 · ab =
a
b (21)

Âñå âåêòîðû ïîä÷èíÿþòñÿ ñâîéñòâó àññîöèàòèâíîñòè λ(µ
a
b) = (λµ)

a
b (22)

Âñå âåêòîðû ïîä÷èíÿþòñÿ ñâîéñòâó äèñòðèáóòèâíîñòè (λ+ µ)
a
b = λ

a
b + µ

a
b (23)

Äèñòðèáóòèâíîñòü îòíîñèòåëüíî ñëîæåíèÿ âåêòîðîâ λ(aa +
a
b) = λaa + λ

a
b (24)
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2.6 Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ

Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ, ñêàëÿðíîå ïðîèçâåäåíèå � ýòî îáðàçîâàíèå íîâîé ôèçè÷åñêîé âåëè÷èíû áåç
íàïðàâëåíèÿ. Íàïðèìåð:

P = F̄ · v̄ - ìîùíîñòü ðàâíà ïðîèçâåäåíèþ ñèëû íà ñêîðîñòü

P =
a
M · aw - ìîùíîñòü ðàâíà ïðîèçâåäåíèþ êðóòÿùåãî ìîìåíòà íà óãëîâóþ ñêîðîñòü

Îñíîâîé ñêàëÿðíîãî ïðîèçâåäåíèÿ, ÿâëÿåòñÿ ïðîèçâåäåíèå äâóõ ïàðàëëåëüíûõ âåêòîðîâ. È ó÷àñòâóåò â
ïðîèçâåäåíèè òîëüêî òà ÷àñòü ïåðâîãî âåêòîðà, êîòîðàÿ ìîæåò áûòü ïðåäñòàâëåíà ïàðàëëåëüíîé êî âòî-
ðîìó âåêòîðó (ïðîåêöèÿ ïåðâîãî âåêòîðà íà âòîðîé âåêòîð). Èëè íàîáîðîò.

Ñêàëÿðíûì ïðîèçâåäåíèåì äâóõ óãëîâûõ âåêòîðîâ, ÿâëÿåòñÿ ÷èñëî (ñêàëÿð), ðàâíîå ïðîèçâåäåíèþ âåëè-
÷èíû óãëîâûõ âåêòîðîâ íà êîñèíóñ óãëà ìåæäó ïëîñêîñòÿìè, â êîòîðûõ íàõîäÿòñÿ óãëîâûå âåêòîðû.

aa · ab = |aa| · |ab | · cos∠(aa,
a
b) = aa · ba = ab ·

a
b - â âåêòîðíîì âèäå (25)

Âûâåäåì ñêàëÿðíîå ïðîèçâåäåíèå óãëîâîãî âåêòîðà â êîîðäèíàòíî-âåêòîðíîì âèäå:

Òàê êàê ïðîèçâåäåíèÿ åäèíè÷íûõ âåêòîðîâ â ñêàëÿðíîì ïðîèçâåäåíèè

a
l · al = 1,

a
l · am = 0, am · an = 0, an · al = 0, òî

aa · ab = (axy
a
l + ayz

am+ azx
an) · (bxy

a
l + byz

am+ bzx
an) =

= axybxy(
a
l · al ) + axybyz(

a
l · am) + axybzx(

a
l · an) + ayzbxy(am · al ) + ayzbyz(am · am)+

+ayzbzx(am · an) + azxbxy(an · al ) + azxbyz(an · am) + azxbzx(an · an) = axybxy + ayzbyz + azxbzx

aa · ab = axybxy + ayzbyz + azxbzx (26)

Ñëåäóåò îòìåòèòü, ÷òî ñêàëÿð õîòü è íå îáëàäàåò íàïðàâëåíèåì, îí ìîæåò áûòü êàê ïîëîæèòåëüíûì, òàê
è îòðèöàòåëüíûì. È çíàê ñêàëÿðà îáîçíà÷àåò íå íàïðàâëåíèå ôèçè÷åñêîé âåëè÷èíû, à å¼ ñîñòîÿíèå (êàê
äëÿ ïðÿìîëèíåéíûõ, òàê è äëÿ óãëîâûõ âåëè÷èí).

Íàïðèìåð: P =
a
M · aw = (−10 · 100) + (0 · 0) + (0 · 0) = −1000 (W)

Ýòî ìîùíîñòü òîðìîçíîãî ìåõàíèçìà (èëè ãåíåðàòîðà). Îí ñîçäàåò òîðìîçÿùèé êðóòÿùèé ìîìåíò íà âà-

ëó
a
M = (−10, 0, 0) (Íì), êîòîðûé âðàùàåòñÿ ñ óãëîâîé ñêîðîñòüþ aw = (100, 0, 0) (ðàä/ñ). Îòðèöàòåëüíóþ

ìîùíîñòü åùå ìîæíî íàçâàòü ìîùíîñòüþ ñîïðîòèâëåíèÿ.

2.7 Âåêòîðíîå ïðîèçâåäåíèå âåêòîðîâ

Ìàòåìàòèêà ÿâëÿåòñÿ óíèâåðñàëüíîé äèñöèïëèíîé, â êîòîðîé îäíî è òî æå óðàâíåíèå ìîæíî ïî-ðàçíîìó
îáúÿñíèòü è ïðèìåíèòü. Ïîêàæåì ýòî íà íèæåîïèñàííûõ ñâîéñòâàõ âåêòîðîâ.

Îñíîâîé âåêòîðíîãî ïðîèçâåäåíèÿ, ÿâëÿåòñÿ ïðîèçâåäåíèå äâóõ ïåðïåíäèêóëÿðíûõ âåêòîðîâ. È ó÷àñòâóþò
â ïðîèçâåäåíèè òîëüêî òà ÷àñòü ïåðâîãî âåêòîðà, êîòîðàÿ ìîæåò áûòü ïðåäñòàâëåíà ïåðïåíäèêóëÿðíîé
êî âòîðîìó âåêòîðó (è íàîáîðîò), (Wilson, Edwin Bidwell, 1901. p. 61).

ā× b̄ = |ā| · |b̄| · sin∠(ā, b̄) = ā · bpl⊥ā = apl⊥b̄ · b̄ (27)

bpl⊥ā - ïðîåêöèÿ âåêòîðà b̄ íà ïëîñêîñòü, ïåðïåíäèêóëÿðíóþ âåêòîðó ā

Ðåçóëüòàòîì âåêòîðíîãî ïðîèçâåäåíèÿ âåêòîðîâ ÿâëÿåòñÿ îáðàçîâàíèå íîâîãî âåêòîðà (íîâîé ôèçè÷åñêîé
âåëè÷èíû). Ðàññìîòðèì 4 âàðèàíòà âåêòîðíûõ ïðîèçâåäåíèé.

Òàêæå íåîáõîäèìî ïîìíèòü, ÷òî âûáðàííàÿ ñèñòåìà êîîðäèíàò âëèÿåò íà íàïðàâëåíèå ïðÿìîëèíåéíûõ
è óãëîâûõ âåêòîðîâ, ñîîòâåòñòâåííî îíà âëèÿåò è íà âûâîäèìûå ôîðìóëû. Ïåðå÷èñëèì ýòè âàðèàíòû ñ
ó÷àñòèåì åäèíè÷íûõ âåêòîðîâ (îðòîâ), äëÿ ñèñòåìû êîîðäèíàò íà ðèñ. 6, ñ ïîëîæèòåëüíûì óãëîâûì íà-
ïðàâëåíèÿ â êîîðäèíàòíûõ ïëîñêîñòÿõ Ox→ Oy → Oz (ïðîòèâ ÷àñîâîé ñòðåëêè):
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1. Âåêòîðíîå ïðîèçâåäåíèå äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ. Ðåçóëüòàòîì ÿâëÿåòñÿ ïðÿìîëèíåéíûé âåêòîð,
ðàñïîëîæåííûé ïåðïåíäèêóëÿðíî ê èñõîäÿùèì âåêòîðàì è íàïðàâëåííûé ïî ïðàâèëó ïðàâîé ðóêè (âäîëü
îñè z, ðèñ 6.).

ī× j̄ = k̄, j̄ × k̄ = ī, k̄ × ī = j̄ (28)

2. Âåêòîðíîå ïðîèçâåäåíèå äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ. Ðåçóëüòàòîì ÿâëÿåòñÿ óãëîâîé âåêòîð, ðàñïî-
ëîæåííûé â ïëîñêîñòè, îáðàçîâàííîé ïðÿìîëèíåéíûìè èñõîäÿùèìè âåêòîðàìè, è íàïðàâëåííûé ïðîòèâ
÷àñîâîé ñòðåëêè.

ī× j̄ =
a
l , j̄ × k̄ = am, k̄ × ī = an (29)

3. Âåêòîðíîå ïðîèçâåäåíèå äâóõ óãëîâûõ âåêòîðîâ. Ðåçóëüòàòîì ÿâëÿåòñÿ óãëîâîé âåêòîð, ðàñïîëîæåí-
íûé â ïëîñêîñòè ïåðïåíäèêóëÿðíîé ê ïëîñêîñòÿì èñõîäÿùèõ óãëîâûõ âåêòîðîâ, è íàïðàâëåííûé ïðîòèâ
÷àñîâîé ñòðåëêè.

a
l × am = an, am× an =

a
l , an × a

l = am (30)

4. Âåêòîðíîå ïðîèçâåäåíèå äâóõ óãëîâûõ âåêòîðîâ. Ðåçóëüòàòîì ÿâëÿåòñÿ ïðÿìîëèíåéíûé âåêòîð, ðàñïîëî-
æåííûé íà ëèíèè ïåðåñå÷åíèÿ èñõîäÿùèõ ïëîñêîñòåé óãëîâûõ âåêòîðîâ, ñ ïîëîæèòåëüíûì íàïðàâëåíèåì
êàñàíèÿ ïëîñêîñòè âòîðîãî óãëîâîãî âåêòîðà â óðàâíåíèè, ê ëèíèè ïåðåñå÷åíèÿ.

a
l × am = j̄, am× an = k̄, an × a

l = ī (31)

Ðàññìîòðèì êàæäûé èç âàðèàíòîâ âåêòîðíûõ ïðîèçâåäåíèé è ïðåäñòàâèì èõ â êîîðäèíàòíî-âåêòîðíîì
âèäå:

1. ī× j̄ = k̄, j̄ × k̄ = ī, k̄ × ī = j̄ - âåêòîðíîå ïðîèçâåäåíèå äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ. Ðåçóëüòàòîì
ÿâëÿåòñÿ ïðÿìîëèíåéíûé âåêòîð.

Äàííîå âåêòîðíîå ïðîèçâåäåíèå õîðîøî âñåì èçâåñòíî, íî äëÿ ñðàâíåíèÿ åãî ñ äðóãèìè âåêòîðíûìè ïðî-
èçâåäåíèÿìè, ìû åãî òîæå ðàññìîòðèì.

Íàéäåì ðàñïðåäåëåíèå ðåçóëüòèðóþùåãî ïðÿìîëèíåéíîãî âåêòîðà íà êîîðäèíàòíûå îñè:

b̄ = c̄× d̄ = (cxī+ cy j̄ + cz k̄)× (dxī+ dy j̄ + dz k̄) =

= cxdx(̄i× ī) + cxdy (̄i× j̄) + cxdz (̄i× k̄) + cydx(j̄ × ī) + cydy(j̄ × j̄) + cydz(j̄ × k̄)+

+czdx(k̄ × ī) + czdy(k̄ × j̄) + czdz(k̄ × k̄) = 0 + cxdy(k̄)− cxdz(j̄)− cydx(k̄) + 0 + cydz (̄i)+

+czdx(j̄)− czdy (̄i) + 0 = (cydz − czdy )̄i+ (czdx − cxdz)j̄ + (cxdy − cydx)k̄ = bxī+ by j̄ + bz k̄

bx = cydz − czdy, by = czdx − cxdz, bz = cxdy − cydx (32)

2. ī× j̄ =
a
l , j̄ × k̄ = am, k̄ × ī = an - âåêòîðíûì ïðîèçâåäåíèåì äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ ÿâëÿåòñÿ

óãëîâîé âåêòîð.

Íàéäåì ðàñïðåäåëåíèå ðåçóëüòèðóþùåãî óãëîâîãî âåêòîðà íà êîîðäèíàòíûå ïëîñêîñòè (ïðåäñòàâèì åãî â
êîîðäèíàòíî-âåêòîðíîì âèäå),

a
b = c̄× d̄ = (cxī+ cy j̄ + cz k̄)× (dxī+ dy j̄ + dz k̄) =

= cxdx(̄i× ī) + cxdy (̄i× j̄) + cxdz (̄i× k̄) + cydx(j̄ × ī) + cydy(j̄ × j̄) + cydz(j̄ × k̄)+

+czdx(k̄ × ī) + czdy(k̄ × j̄) + czdz(k̄ × k̄) = 0 + cxdy(
a
l )− cxdz(an)− cydx(

a
l ) + 0 + cydz(am)+

+czdx(an)− czdy(am) + 0 = (cxdy − cydx)
a
l + (cydz − czdy)am+ (czdx − cxdz)an = bxy

a
l + byz

am+ bzx
an

8
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bxy = cxdy − cydx, byz = cydz − czdy, bzx = czdx − cxdz (33)

3.
a
l × am = an, am × an =

a
l , an × a

l = am - âåêòîðíûì ïðîèçâåäåíèåì äâóõ óãëîâûõ âåêòîðîâ, ÿâëÿåòñÿ
òðåòèé óãëîâîé âåêòîð, êîòîðûé ïåðïåíäèêóëÿðåí ê èñõîäÿùèì âåêòîðàì.

Íàéäåì ðàñïðåäåëåíèå ðåçóëüòèðóþùåãî óãëîâîãî âåêòîðà íà êîîðäèíàòíûå ïëîñêîñòè,

a
b = ac × a

d = (cxy
a
l + cyz

am+ czx
an)× (dxy

a
l + dyz

am+ dzx
an) =

= cxydxy(
a
l × a

l ) + cxydyz(
a
l × am) + cxydzx(

a
l × an) + cyzdxy(am× a

l ) + cyzdyz(am× am)+

+cyzdzx(am× an) + czxdxy(an × a
l ) + czxdyz(an × am) + czxdzx(an × an) = 0 + cxydyz(an)−

−cxydzx(am)− cyzdxy(an) + 0 + cyzdzx(
a
l ) + czxdxy(am)− czxdyz(

a
l ) + 0 =

= (cyzdzx − czxdyz)
a
l + (czxdxy − cxydzx)am+ (cxydyz − cyzdxy)an = bxy

a
l + byz

am+ bzx
an

bxy = cyzdzx − czxdyz, byz = czxdxy − cxydzx, bzx = cxydyz − cyzdxy (34)

4.
a
l × am = j̄, am × an = k̄, an × a

l = ī - âåêòîðíûì ïðîèçâåäåíèåì äâóõ óãëîâûõ âåêòîðîâ, ÿâëÿåòñÿ
ïðÿìîëèíåéíûé âåêòîð.

Íàéäåì ðàñïðåäåëåíèå ðåçóëüòèðóþùåãî óãëîâîãî âåêòîðà íà êîîðäèíàòíûå îñè,

b̄ = ac × a
d = (cxy

a
l + cyz

am+ czx
an)× (dxy

a
l + dyz

am+ dzx
an) =

= cxydxy(
a
l × a

l ) + cxydyz(
a
l × am) + cxydzx(

a
l × an) + cyzdxy(am× a

l ) + cyzdyz(am× am)+

+cyzdzx(am× an) + czxdxy(an × a
l ) + czxdyz(an × am) + czxdzx(an × an) = 0 + cxydyz(j̄)−

−cxydzx(̄i)− cyzdxy(j̄) + 0 + cyzdzx(k̄) + czxdxy (̄i)− czxdyz(k̄) + 0 =

= (czxdxy − cxydzx)̄i+ (cxydyz − cyzdxy)j̄ + (cyzdzx − czxdyz)k̄ = bxī+ by j̄ + bz k̄

bx = czxdxy − cxydzx, by = cxydyz − cyzdxy, bz = cyzdzx − czxdyz (35)

Íàïîìíèì, ÷òî âåêòîðíîå ïðîèçâåäåíèå îäíîòèïíûõ âåêòîðîâ, àíòèêîììóòàòèâíî

c̄ = ā× b̄ = −(b̄× ā)
ac = ā× b̄ = −(b̄× ā) (36)

c̄ = aa × a
b = −(

a
b × aa)

ac = aa × a
b = −(

a
b × aa)

Êàêèå æå èç ýòèõ óðàâíåíèé èìåþò ïðàâî íà ñóùåñòâîâàíèå?

Äëÿ ýòîãî ðàññìîòðèì äâà ïðèìåð, êîòîðûå ïîêàæóò ÷òî âåêòîðíûå ïðîèçâåäåíèÿ ī × j̄ = k̄,
a
l × am = an

íå ìîãóò ñóùåñòâîâàòü.

Ïðèìåð 3: Ïóñòü íàì èçâåñòåí ìîäóëü ïðÿìîëèíåéíîãî âåêòîðà |ā| = 15 è äâå åãî ïðîåêöèè íà îñè
êîîðäèíàò ā(10, 10, az) , ðèñ.8(ñàì âåêòîð ā íå ïîêàçàí). Íåîáõîäèìî íàéòè åãî òðåòüþ ïðîåêöèþ.
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Ðèñ. 8: Ïðîåêöèè ïðÿìîëèíåéíîãî âåêòîðà â ïëîñêîñòÿõ è íà îñÿõ

Ðåøåíèå:

Èñïîëüçóÿ ôîðìóëó |ā| =
√
a2
x + a2

y + a2
z, ïðîåêöèÿ âåêòîðà ðàíà

az =
√

152 − 102 − 102 = ±5

Áîëåå òî÷íî ñêàçàòü, â êàêóþ ñòîðîíó íàïðàâëåíà ïðîåêöèÿ âåêòîðà íà îñè Oz ìû íå ìîæåì.

Òåïåðü ïðåäñòàâèì íàø âåêòîð êàê ñóììó êîîðäèíàòíûõ âåêòîðîâ.

ā(ax, ay, az) = axī+ ay j̄ + az k̄ = āx + āy + āz, then āx = ax, āy = ay, āz = az

è èñïîëüçóÿ ôîðìóëó ī× j̄ = k̄ (32), íàéäåì ïðîåêöèþ âåêòîðà az, íàçâàâ å¼ a
′
z

ā′z = āx × āy = (axī+ 0 + 0)× (0 + ay j̄ + 0) = 0̄i+ 0j̄ + (axay − 0)k̄ = 0̄i+ 0j̄ + az k̄

a′z = axay = 10 · 10 = 100

Âûâîä: ïðîåêöèÿ ïðÿìîëèíåéíîãî âåêòîðà a′z íàéäåííàÿ âòîðûì ìåòîäîì:

1. íå ñîãëàñóåòñÿ ñ ïðîåêöèåé âåêòîðà az, íàéäåííîé ïåðâûì ìåòîäîì, az 6= a′z

2. íå ñîãëàñóåòñÿ ñ ìîäóëåì çàäàííîãî âåêòîðà, åñëè íàéòè ìîäóëü, èñïîëüçóÿ a′z

3. çàäàåò òîëüêî ïîëîæèòåëüíîå íàïðàâëåíèå, õîòÿ íàïðàâëåíèå òî÷íî íå îïðåäåëåíî è ìîæåò áûòü êàê
ïîëîæèòåëüíûì, òàê è îòðèöàòåëüíûì â îñè Oz.

Òàêèì îáðàçîì, âåêòîðíîå ïðîèçâåäåíèå ī × j̄ = k̄ íå ñîãëàñóåòñÿ ñ äðóãèìè ñâîéñòâàìè ïðÿìîëèíåéíûõ
âåêòîðîâ (ðàçëîæåíèåì âåêòîðà íà ñóììó âåêòîðîâ), è íå èìååò ïðàâî íà ñóùåñòâîâàíèå.

Àíàëîãè÷íî äàííîìó ïðèìåðó ìîæíî äîêàçàòü, ÷òî âåêòîðíîå ïðîèçâåäåíèå
a
l×am = an òîæå íå ñóùåñòâóåò.

Ïðèìåð 4: Ñòîèò îáðàòèòü âíèìàíèå åùå íà îäíó ïðîáëåìó � ëîãè÷åñêàÿ íåñîñòîÿòåëüíîñòü âåêòîðíîãî
ïðîèçâåäåíèÿ âåêòîðîâ ī× j̄ = k̄ .

Ïðè âåêòîðíîì ïðîèçâåäåíèè äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ, îáðàçóåòñÿ íîâûé ïðÿìîëèíåéíûé âåêòîð,
ïåðïåíäèêóëÿðíûé ê îáîèì èñõîäíûì âåêòîðàì d̄ = b̄× c̄ .
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Ëîãè÷íî áûëî áû, åñëè áû b̄ = c̄× d̄ è c̄ = d̄× b̄ . Òî åñòü, çíàÿ ëþáûå äâà âåêòîðà, ìîæíî áûëî áû íàéòè
òðåòèé âåêòîð. Íî ýòîãî íå íàáëþäàåòñÿ (íàáëþäàåòñÿ, òîëüêî åñëè âåêòîðû ïðåäñòàâèòü êàê åäèíè÷íûå).

Íàïðèìåð, åñëè èçâåñòíû äâà ïðÿìîëèíåéíûõ âåêòîðà b̄(10, 0, 0), c̄(0, 10, 0), òî

d̄ = b̄× c̄ = (bycz − bzcy )̄i+ (bzcx − bxcz)j̄ + (bxcy − bycx)k̄ = dxī+ dy j̄ + dz k̄

d̄ = (0 · 0− 0 · 10)̄i+ (0 · 0− 10 · 0)j̄ + (10 · 10− 0 · 0)k̄ = 0̄i+ 0j̄ + 100k̄

dx = 0, dy = 0, dz = 100, òî åñòü âåêòîð d̄(0, 0, 100)

Òåïåðü íàéäåì çàíîâî âåêòîð b̄, è ñðàâíèì åãî ñ èñõîäíûì âåêòîðîì

b̄ = c̄× d̄ = (cydz − czdy )̄i+ (czdx − cxdz)j̄ + (cxdy − cydx)k̄ = bxī+ by j̄ + bz k̄

b̄ = (10 · 100− 0 · 0)̄i+ (0 · 0− 0 · 100)j̄ + (0 · 0− 10 · 0)k̄ = 1000̄i+ 0j̄ + 0k̄

bx = 1000, by = 0, bz = 0, òî åñòü âåêòîð b̄(1000, 0, 0), è ñîâñåì íå ðàâåí èñõîäíîìó âåêòîðó.

Äàííîå çàìå÷àíèå ñïðàâåäëèâî è äëÿ âåêòîðíîãî ïðîèçâåäåíèÿ óãëîâûõ âåêòîðîâ
a
d =

a
b ×ac , â ðåçóëüòàòå

êîòîðîãî îáðàçóåòñÿ òðåòèé óãëîâîé âåêòîð.

Ðàññìîòðèì ñëåäóþùèé ïðèìåð, êîòîðûé ïîêàæåò, ÷òî âåêòîðíîå ïðîèçâåäåíèå ī× j̄ =
a
l èìååò ïðàâî íà

ñóùåñòâîâàíèå.

Ïðèìåð 5:

Ïóñòü íàì äàíû äâà ïðÿìîëèíåéíûõ âåêòîðà ā(3,−4, 5),b̄(−5, 2,−8), ðèñ.9.

Ðèñ. 9: Ïðÿìîëèíåéíûå è óãëîâîé âåêòîðû â ñèñòåìå êîîðäèíàò

Íàéäåì óãëîâîé âåêòîð ac , îáðàçîâàííûé ýòèìè ïðÿìîëèíåéíûìè âåêòîðàìè (33):

ac = ā× b̄ = (axby − aybx)
a
l + (aybz − azby)am+ (azbx − axbz)an = cxy

a
l + cyz

am+ czx
an

cxy = axby − aybx = 3 · 2− (−4) · (−5) = −14

cyz = aybz − azby = (−4) · (−8)− 5 · 2 = 22

11



Paper Template Canadian Center of Science and Education

czx = azbx − axbz = 5 · (−5)− 3 · (−8) = −1

ac(−14, 22,−1)

Òîãäà ìîäóëü óãëîâîãî âåêòîðà

|ac | =
√
c2xy + c2yz + c2zx =

√
(−14)2 + (22)2 + (−1)2 =

√
196 + 484 + 1 = 26, 09

Íàéäåì ýòîò ìîäóëü äðóãèì ñïîñîáîì, äëÿ ýòîãî íàéäåì ñíà÷àëà ìîäóëè ïðÿìîëèíåéíûõ âåêòîðîâ:

|ā| =
√
a2
x + a2

y + a2
z =

√
(3)2 + (−4)2 + (5)2 =

√
9 + 16 + 25 = 7, 071

|b̄| =
√
b2x + b2y + b2z =

√
(−5)2 + (2)2 + (−8)2 =

√
25 + 4 + 64 = 9, 64

Òàê êàê óãëîâîé âåêòîð, ýòî âåêòîðíîå ïðîèçâåäåíèå äâóõ ïåðïåíäèêóëÿðíûõ ïðÿìîëèíåéíûõ âåêòîðîâ,
ïðåäñòàâèì âåêòîð ā, êàê ïðîåêöèþ íà ïëîñêîñòü, ïåðïåíäèêóëÿðíóþ âåêòîðó b̄, ðèñ. 9, è ñ ïîìîùüþ
ïðîãðàììû Autodesk Inventor, íàéäåì âåëè÷èíó ïðîåêöèè âåêòîðà apl⊥b̄ = 2, 706 .

Òîãäà ìîäóëü óãëîâîãî âåêòîðà |ac | = |b̄| · |apl⊥b̄| = 9, 64 · 2, 706 = 26, 085

Â äàííîì óðàâíåíèè âñå âçÿòî ïî ìîäóëþ, òàê êàê óãëîâîé âåêòîð ac íàõîäèòñÿ â ïðîñòðàíñòâå, è ìû íå
ìîæåì çíàòü åãî íàïðàâëåíèå. Íàïðàâëåíèå óãëîâîãî âåêòîðà îïðåäåëÿþò ÷åðåç åãî ïðîåêöèè íà êîîðäè-
íàòíûå ïëîñêîñòè ac(cxy, cyz, czx) , ïîòîìó ÷òî íàïðàâëåíèå âåêòîðîâ çàäàåò òîëüêî ñèñòåìà êîîðäèíàò.

Åñëè ñîâìåñòèòü êîíåö ïðîåêöèè âåêòîðà apl⊥b̄ ñ íà÷àëîì âåêòîðà b̄ , òî ýòè ïðÿìûå îáðàçóþò ïëîñêîñòü
(íàçîâåì å¼ ïåðâîé ïëîñêîñòüþ pl.(1)ac ) â êîòîðîé íàõîäèòüñÿ óãëîâîé âåêòîð ac .

Åñëè ìû íàîáîðîò, íàéäåì ïðîåêöèþ âåêòîðà bpl⊥ā = 3, 691 íà ïëîñêîñòü, ïåðïåíäèêóëÿðíóþ âåêòîðó ā ,
òî óãëîâîé âåêòîð

|ac | = |ā| · |bpl⊥ā| = 7, 071 · 3, 691 = 26, 099.

Ïëîñêîñòü óãëîâîãî âåêòîðà ac òàê æå ìîæíî ïîñòðîèòü èç ïðÿìûõ âåêòîðà ā , è ïðîåêöèè âåêòîðà bpl⊥ā

íà ïåðïåíäèêóëÿðíóþ ïëîñêîñòü. Íàçîâåì å¼ âòîðîé ïëîñêîñòüþ óãëîâîãî âåêòîðà pl.(2)ac .

Àíàëèçèðóÿ ýòè ïëîñêîñòè, ìîæíî ñêàçàòü, ÷òî îíè ïàðàëëåëüíûå. È ýòî ëîãè÷íî, ïîòîìó, ÷òî óãëîâîé
âåêòîð ìîæåò áûòü îäíèì èç ìíîæåñòâà ïàðàëëåëüíûõ, îäèíàêîâî íàïðàâëåííûõ âåêòîðîâ.

Âûâîä: ìîäóëü óãëîâîãî âåêòîðà |ac | , íàéäåííûé äâóìÿ ñïîñîáàìè ñîâïàäàåò (ñ ó÷åòîì ïîãðåøíîñòè èñ-
ïîëüçóåìîé ïðîãðàììû Autodesk Inventor).

Ðàññìîòðèì äâà ïðèìåðà, êîãäà âåêòîðíîå ïðîèçâåäåíèå ī× j̄ =
a
l íàáëþäàåòñÿ â ïðèðîäå.

Ïðèìåð 6:

Íàéäåì ðàçëîæåíèå êðóòÿùåãî ìîìåíòà íà êîîðäèíàòíûõ ïëîñêîñòÿõ. Ïðè ïîëîæèòåëüíîì óãëîâîì íà-
ïðàâëåíèè êðóòÿùåãî ìîìåíòà â îñÿõ Ox −→ Oy −→ Oz :

ī× j̄ =
a
l , j̄ × k̄ = am, k̄ × ī = an

a
M = h̄× F̄ = (hxī+ hy j̄ + hz k̄)× (Fxī+ Fy j̄ + Fz k̄) =

= hxFx(̄i× ī) + hxFy (̄i× j̄) + hxFz (̄i× k̄) + hyFx(j̄ × ī) + hyFy(j̄ × j̄) + hyFz(j̄ × k̄)+

+hzFx(k̄ × ī) + hzFy(k̄ × j̄) + hzFz(k̄ × k̄) = 0 + hxFy(
a
l )− hxFz(an)− hyFx(

a
l ) + 0 + hyFz(am)+

+hzFx(an)− hzFy(am) + 0 = (hxFy − hyFx)
a
l + (hyFz − hzFy)am+ (hzFx − hxFz)an =

= Mxy
a
l +Myz

am+Mzx
an
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, îòêóäà

Mxy = hxFy − hyFx, Myz = hyFz − hzFy, Mzx = hzFx − hxFz (37)

Âûâîä: â äàííîì âåêòîðíîì ïðîèçâåäåíèè ïðÿìîëèíåéíûå âåêòîðû ðàññòîÿíèÿ è ñèëû, íàõîäÿòñÿ â îäíîé
ïëîñêîñòè ñ óãëîâûì âåêòîðîì êðóòÿùåãî ìîìåíòà. Èõ íàïðàâëåíèÿ è âåëè÷èíà ñîãëàñîâàíû ñ ôèçè÷å-
ñêèìè âåëè÷èíàìè.

Ïðèìåð 7: Íàéäåì ðàçëîæåíèå óãëîâîé ñêîðîñòè íà êîîðäèíàòíûõ ïëîñêîñòÿõ.

Ïðè ïîëîæèòåëüíîì óãëîâîì íàïðàâëåíèè êðóòÿùåãî ìîìåíòà â îñÿõ Ox −→ Oy −→ Oz :

ī× j̄ =
a
l , j̄ × k̄ = am, k̄ × ī = an

Ïðåîáðàçóåì óðàâíåíèå íàõîæäåíèÿ êàñàòåëüíîé ñêîðîñòè v̄ = r̄ × aw , â óðàâíåíèå íàõîæäåíèÿ óãëîâîé

ñêîðîñòè
1

r̄
× v̄ = aw

Ïðÿìîëèíåéíûé âåêòîð ðàññòîÿíèÿ ïðåäñòàâëåí, êàê îáðàòíûé âåêòîð â âåêòîðíîì ïðîèçâåäåíèè, òîãäà

aw =
1

r̄
× v̄ = r̄′ × v̄ = (r′xī+ r′y j̄ + r′z k̄)× (vxī+ vy j̄ + vz k̄) =

= r′xvx(̄i×ī)+r′xvy (̄i×j̄)+r′xvz (̄i×k̄)+r′yvx(j̄×ī)+r′yvy(j̄×j̄)+r′yvz(j̄×k̄)+r′zvx(k̄×ī)+r′zvy(k̄×j̄)+r′zvz(k̄×k̄) =

= 0+r′xvy(
a
l )−r′xvz(an)−r′yvx(

a
l )+0+r′yvz(am)+r′zvx(an)−r′zvy(am)+0 = (r′xvy−r′yvx)

a
l+(r′yvz−r′zvy)am+(r′zvx−r′xvz)an =

=

(
rxvy

r2
x + r2

y + r2
z

− ryvx
r2
x + r2

y + r2
z

)
a
l +

(
ryvz

r2
x + r2

y + r2
z

− rzvy
r2
x + r2

y + r2
z

)
am+

(
rzvx

r2
x + r2

y + r2
z

− rxvz
r2
x + r2

y + r2
z

)
an =

=

(
rxvy − ryvx
r2
x + r2

y + r2
z

)
a
l +

(
ryvz − rzvy
r2
x + r2

y + r2
z

)
am+

(
rzvx − rxvz
r2
x + r2

y + r2
z

)
an = wxy

a
l + wyz

am+ wzx
an

, îòêóäà

wxy =
rxvy − ryvx
r2
x + r2

y + r2
z

, wyz =
ryvz − rzvy
r2
x + r2

y + r2
z

, wzx =
rzvx − rxvz
r2
x + r2

y + r2
z

(38)

Âûâîä: â äàííîì âåêòîðíîì ïðîèçâåäåíèè ïðÿìîëèíåéíûå âåêòîðû ðàññòîÿíèÿ è êàñàòåëüíîé ñêîðîñòè
íàõîäÿòñÿ â îäíîé ïëîñêîñòè ñ âåêòîðîì óãëîâîé ñêîðîñòè. Èõ íàïðàâëåíèÿ è âåëè÷èíà ñîãëàñîâàíû ñ
ôèçè÷åñêèìè âåëè÷èíàìè.

Òåïåðü äîêàæåì ÷òî âåêòîðíîãî ïðîèçâåäåíèÿ
a
l × am = j̄ , â êîòîðîì îáðàçóåòñÿ ïðÿìîëèíåéíûé âåêòîð

èç äâóõ óãëîâûõ, íå ñóùåñòâóåò.

Ïðèìåð 8: Ïóñòü íàì äàíû òðè ïðÿìîëèíåéíûõ âåêòîðà ā(10, 0, 0), b̄(0, 10, 0), c̄(0, 0, 10), ðèñ. 10. Íàéäåì
óãëîâûå âåêòîðû, îáðàçîâàííûå èç ýòèõ ïðÿìîëèíåéíûõ âåêòîðîâ â ïëîñêîñòè 0XY, 0YZ.

a
d = ā× b̄ = (axby − aybx)

a
l + (aybz − azby)am+ (azbx − axbz)an = dxy

a
l + dyz

am+ dzx
an

a
d = (10 · 10− 0 · 0)

a
l + (0 · 0− 0 · 10)am+ (0 · 0− 10 · 0)an = 100

a
l + 0am+ 0an

a
d(100, 0, 0)

a
t = b̄× c̄ = (bxcy − bycx)

a
l + (bycz − bzcy)am+ (bzcx − bxcz)an = txy

a
l + tyz

am+ tzx
an

a
t = (0 · 0− 10 · 0)

a
l + (10 · 10− 0 · 0)am+ (0 · 0− 0 · 10)an = 0

a
l + 100am+ 0an

a
t (0, 100, 0)

Íàéäåì ïðÿìîëèíåéíûé âåêòîð b̄′ èç óãëîâûõ âåêòîðîâ
a
d,

a
t è ñðàâíèì åãî ñ çàäàííûì âåêòîðîì b̄ .

b̄′ =
a
d × a

t = (dzxtxy − dxytzx)̄i+ (dxytyz − dyztxy)j̄ + (dyztzx − dzxtyz)k̄ = b′xī+ b′y j̄ + b′z k̄
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Ðèñ. 10: Ïðÿìîëèíåéíûå è óãëîâûå âåêòîðû â ñèñòåìå êîîðäèíàò

b̄′ = (0 · 0− 100 · 0)̄i+ (100 · 100− 0 · 0)j̄ + (0 · 0− 0 · 100)k̄ = 0̄i+ 10000j̄ + 0k̄

b̄′(0, 10000, 0)

Òàê êàê âåêòîðû b̄ 6= b̄′ íå ðàâíû, òî âåêòîðíîå ïðîèçâåäåíèå
a
l × am = j̄ íå ìîæåò ñóùåñòâîâàòü.

Îáùèé âûâîä âåêòîðíûõ ïðîèçâåäåíèé âåêòîðîâ: â äàííîì òèïå ïðîèçâåäåíèÿ âîçìîæåí òîëü-
êî îäèí âàðèàíò, êîãäà ïðè âåêòîðíîì ïðîèçâåäåíèè äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ, îáðàçóåòñÿ óãëîâîé
âåêòîð ī× j̄ =

a
l .

Äîêàçàòåëüñòâî äàííîãî óòâåðæäåíèÿ:

1. Ïðÿìîëèíåéíûå è óãëîâîé âåêòîðû ëåæàò â îäíîé ïëîñêîñòè, ÷òî ÿâëÿåòñÿ ïåðâîé íåîáõîäèìîé, íî íå
äîñòàòî÷íîé ñâÿçüþ ïðÿìîëèíåéíûõ è óãëîâûõ âåêòîðîâ.

2. Âåëè÷èíà âåêòîðíîãî ïðîèçâåäåíèå ïðÿìîëèíåéíûõ âåêòîðîâ ðàâíÿåòñÿ ïëîùàäè ôèãóðû, à âåëè÷èíà
óãëîâîãî âåêòîðà ïî îïðåäåëåíèþ ðàâíà ïëîùàäè ôèãóðû.

3. Âåëè÷èíà âåêòîðíîãî ïðîèçâåäåíèÿ ïðÿìîëèíåéíûõ âåêòîðîâ ñîâïàäàåò ñ âåëè÷èíîé óãëîâîãî âåêòîðà.
Ýòî ÿâëÿåòñÿ ñëåäñòâèåì íàáëþäåíèÿ ïðè îáðàçîâàíèè óãëîâûõ ôèçè÷åñêèõ âåëè÷èí (êðóòÿùåãî ìîìåíòà,
óãëîâîé ñêîðîñòè).

4. Èç âåêòîðíîãî ïðîèçâåäåíèÿ ïðÿìîëèíåéíûõ âåêòîðîâ ìîæíî âûâåñòè âñåãî äâà íàïðàâëåíèÿ (+,-).
Óãëîâîé âåêòîð òîæå îáëàäàåò âñåãî äâóìÿ íàïðàâëåíèÿìè.

5. Ïîðÿäîê ñëåäîâàíèÿ ïðÿìîëèíåéíûõ âåêòîðîâ â âåêòîðíîì ïðîèçâåäåíèè îäíîçíà÷íî îïðåäåëÿåò íà-
ïðàâëåíèå óãëîâîãî âåêòîðà íà ïëîñêîñòè

2.8 Ñêàëÿðíîå ïðîèçâåäåíèå ñìåøàííûõ âåêòîðîâ

Ñêàëÿðíûì ïðîèçâåäåíèåì óãëîâîãî è ïðÿìîëèíåéíîãî âåêòîðîâ, ÿâëÿåòñÿ ÷èñëî (ñêàëÿð), ðàâíîå ïðî-
èçâåäåíèþ âåëè÷èí ýòèõ âåêòîðîâ íà êîñèíóñ íàèìåíüøåãî óãëà, îáðàçîâàííîãî ïëîñêîñòüþ, â êîòîðîé
íàõîäèòñÿ óãëîâîé âåêòîð, è ïðÿìîé ïðÿìîëèíåéíîãî âåêòîðà. Åñëè îáà âåêòîðà íàõîäÿòñÿ â îäíîé ïëîñ-
êîñòè, òî ñêàëÿð ðàâåí ïðîèçâåäåíèþ èõ âåëè÷èí.

ā · ab = |ā| · |ab | · |cos(ā,ab)| = |ab| · |
a
b | - â âåêòîðíîì âèäå

Â äàííîì âûðàæåíèè ñêàëÿð òåðÿåò ñâîé çíàê è ìîæåò áûòü òîëüêî ïîëîæèòåëüíûì.

Ïîòîìó ÷òî ïðîåêöèÿ ïðÿìîëèíåéíîãî âåêòîðà íà ïëîñêîñòè íå îïðåäåëÿåò åãî íàïðàâëåíèÿ îòíîñèòåëüíî
óãëîâîãî âåêòîðà, íàõîäÿùåãîñÿ â ýòîé ïëîñêîñòè.
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Âûâåäåì äàííîå óðàâíåíèå â êîîðäèíàòíî-âåêòîðíîì âèäå.

Òàê êàê ïðîèçâåäåíèÿ åäèíè÷íûõ âåêòîðîâ ïðè ñêàëÿðíîì ïðîèçâåäåíèè

ī · ī = 1, j̄ · j̄ = 1, k̄ · k̄ = 1,

ī · j̄ = 0, j̄ · k̄ = 0, k̄ · ī = 0,

ī · al = 1, j̄ · al = 1, k̄ · al = 0,

j̄ · am = 1, k̄ · am = 1, ī · am = 0,

k̄ · an = 1, ī · an = 1, j̄ · an = 0,

c = ā · ab = (axī+ ay j̄ + az k̄) · (bxy
a
l + byz

am+ bzx
an) =

= axbxy (̄i·al )+axbyz (̄i·am)+axbzx(̄i·an)+aybxy(j̄·al )+aybyz(j̄·am)+aybzx(j̄·an)+azbxy(k̄·al )+azbyz(k̄·am)+azbzx(k̄·an) =

= bxy
a
l (axī+ ay j̄) + 0 + byz

am(ay j̄ + az k̄) + 0 + bzx
an(az k̄ + axī) + 0 =

= bxy
a
l
√

(axī+ ay j̄)2 + byz
am
√

(ay j̄ + az k̄)2 + bzx
an
√

(az k̄ + axī)2 =

= bxy
a
l
√
a2
xī

2 + 2axay īj̄ + a2
y j̄

2 + byz
am
√
a2
y j̄

2 + 2ayaz j̄k̄ + a2
z k̄

2 + bzx
an
√
a2
z k̄

2 + 2azaxk̄ī+ a2
xī

2 =

= bxy
a
l
√
a2
xī

2 + a2
y j̄

2 + byz
am
√
a2
y j̄

2 + a2
z k̄

2 + bzx
an
√
a2
z k̄

2 + a2
xī

2 =

= bxy

√
a2
x + a2

y + byz

√
a2
y + a2

z + bzx
√
a2
z + a2

x

c =
∣∣∣bxy√a2

x + a2
y + byz

√
a2
y + a2

z + bzx
√
a2
z + a2

x

∣∣∣ (39)

Óðàâíåíèå âçÿòî ïî ìîäóëþ, òàê êàê íàïðàâëåíèÿ óãëîâîãî è ïðÿìîëèíåéíîãî âåêòîðîâ íå ñîãëàñóþòñÿ.

2.9 Âåêòîðíîå ïðîèçâåäåíèå ñìåøàííûõ âåêòîðîâ

Âåêòîðíîå ïðîèçâåäåíèå ñìåøàííûõ âåêòîðîâ íàõîäèòñÿ èç óðàâíåíèÿ (29)

ī× j̄ =
a
l , j̄ × k̄ = am, k̄ × ī = an

1

ī
× a
l = j̄,

1

j̄
× am = k̄,

1

k̄
× an = ī

íî äëÿ åäèíè÷íûõ âåêòîðîâ
1

ī
= ī,

1

j̄
= j̄,

1

k̄
= k̄

ī× a
l = j̄, j̄ × am = k̄, k̄ × an = ī

Â âåêòîðíîì ïðîèçâåäåíèè áàçèñíûõ âåêòîðîâ ìîæíî çàìåòèòü ïðàâèëî âûáîðà çíàêà ïîëó÷àåìîãî âåê-
òîðà. Åñëè óãëîâîé è ïðÿìîëèíåéíûé âåêòîðû ¾îäèíàêîâî¿ íàïðàâëåíû â ïëîñêîñòè ñèñòåìû êîîðäèíàò,
òî ðåçóëüòèðóþùèé ïðÿìîëèíåéíûé âåêòîð áóäåò ïîëîæèòåëüíûì, è íàîáîðîò. Òîãäà

j̄ × a
l = −ī, k̄ × am = −j̄, ī× an = −k̄

Íàïîìíþ, ïîñëåäîâàòåëüíîñòü âåêòîðîâ â âåêòîðíîì ïðîèçâåäåíèè çàâèñèò îò âûáðàííîé ñèñòåìû êîîð-
äèíàò.

Ïðèìåð 9: Íàéäåì ñèëó èç êðóòÿùåãî ìîìåíòà â êîîðäèíàòíî-âåêòîðíîì âèäå.

F =
1

h
M − îáùèé âèä óðàâíåíèÿ íàõîæäåíèÿ ñèëû èç ìîìåíòà
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Äëÿ äàííîãî óðàâíåíèÿ (äëÿ ïðàâîé ñèñòåìû êîîðäèíàò, ñ ïîëîæèòåëüíûì óãëîâûì íàïðàâëåíèåì ïðîòèâ
÷àñîâîé ñòðåëêè) áàçèñíûå âåêòîðû èìåþò çàâèñèìîñòü:

ī× a
l = j̄, j̄ × am = k̄, k̄ × an = ī, j̄ × a

l = −ī, k̄ × am = −j̄, ī× an = −k̄, òîãäà

F̄ =
1

h̄
× a
M = h̄′ × a

M = (h′xī+ h′y j̄ + h′z k̄)× (Mxy
a
l +Myz

am+Mzx
an) =

= h′xMxy (̄i×a
l )+h′xMyz (̄i×am)+h′xMzx(̄i×an)+h′yMxy(j̄×a

l )+h′yMyz(j̄×am)+h′yMzx(j̄×an)+h′zMxy(k̄×a
l )+h′zMyz(k̄×am)+h′zMzx(k̄×an) =

= h′xMxy j̄ + 0− h′xMzxk̄ − h′yMxy ī+ h′yMyz k̄ + 0 + 0− h′zMyz j̄ + h′zMzxī =

= (h′zMzx − h′yMxy )̄i+ (h′xMxy − h′zMyz)j̄ + (h′yMyz − h′xMzx)k̄ =

=

(
hzMzx

h2
x + h2

y + h2
z

− hyMxy

h2
x + h2

y + h2
z

)
ī+

(
hxMxy

h2
x + h2

y + h2
z

− hzMyz

h2
x + h2

y + h2
z

)
j̄+

(
hyMyz

h2
x + h2

y + h2
z

− hxMzx

h2
x + h2

y + h2
z

)
k̄ =

=

(
hzMzx − hyMxy

h2
x + h2

y + h2
z

)
ī+

(
hxMxy − hzMyz

h2
x + h2

y + h2
z

)
j̄ +

(
hyMyz − hxMzx

h2
x + h2

y + h2
z

)
k̄ = Fxī+ Fy j̄ + Fz k̄

Fx =
hzMzx − hyMxy

h2
x + h2

y + h2
z

, Fy =
hxMxy − hzMyz

h2
x + h2

y + h2
z

, Fz =
hyMyz − hxMzx

h2
x + h2

y + h2
z

(40)

Example 10: (Drogn & Dubinin, 2005 p.124)

Íàéäåì êàñàòåëüíóþ ïðÿìîëèíåéíóþ ñêîðîñòü, â êîîðäèíàòíî-âåêòîðíîì âèäå.

v = r · w − îáùèé âèä óðàâíåíèÿ íàõîæäåíèÿ êàñàòåëüíîé ñêîðîñòè

Äëÿ äàííîãî óðàâíåíèÿ (äëÿ ïðàâîé ñèñòåìû êîîðäèíàò, ñ ïîëîæèòåëüíûì óãëîâûì íàïðàâëåíèåì ïðîòèâ
÷àñîâîé ñòðåëêè) áàçèñíûå âåêòîðû èìåþò çàâèñèìîñòü:

ī× a
l = j̄, j̄ × am = k̄, k̄ × an = ī, j̄ × a

l = −ī, k̄ × am = −j̄, ī× an = −k̄, òîãäà

v̄ = r̄ × aw = (rxī+ ry j̄ + rz k̄)× (wxy
a
l + wyz

am+ wzx
an) =

= rxwxy (̄i×a
l )+rxwyz (̄i×am)+rxwzx(̄i×an)+rywxy(j̄×a

l )+rywyz(j̄×am)+rywzx(j̄×an)+rzwxy(k̄×a
l )+rzwyz(k̄×am)+rzwzx(k̄×an) =

= rxwxy j̄ + 0− rxwzxk̄ − rywxy ī+ rywyz k̄ + 0 + 0− rzwyz j̄ + rzwzxī =

= (rzwzx − rywxy )̄i+ (rxwxy − rzwyz)j̄ + (rywyz − rxwzx)k̄ = vxī+ vy j̄ + vz k̄

vx = rzwzx − rywxy, vy = rxwxy − rzwyz, vz = rywyz − rxwzx (41)

3.Çàêëþ÷åíèå

Îñíîâíàÿ öåëü ýòîé ðàáîòû, ýòî îáðàòèòü âíèìàíèå íà ïðîáëåìû ïðåäñòàâëåíèÿ ìàòåìàòè÷åñêèõ ìîäå-
ëåé âåêòîðîâ óãëîâûõ âåëè÷èí â ñèñòåìå êîîðäèíàò è èõ íåñîãëàñîâàííîñòü ñ ôèçè÷åñêèìè âåëè÷èíàìè.
Îïèñàííàÿ òåîðèÿ óãëîâûõ âåêòîðîâ ðåøàåò äàííóþ ïðîáëåìó, ìû ïîëó÷àåì ñîãëàñîâàíèå íàïðàâëåíèé
ìàòåìàòè÷åñêèõ ìîäåëåé ñ ôèçè÷åñêèìè óãëîâûìè âåëè÷èíàìè. Ýòî ïîçâîëèëî âûâåñòè óðàâíåíèÿ â êîîð-
äèíàòíîì âèäå äëÿ óãëîâûõ âåëè÷èí, êîòîðûå ïðàâèëüíî ïîêàçûâàþò èõ íàïðàâëåíèÿ â ñèñòåìå êîîðäèíàò.

Îïåðàöèè íàä óãëîâûìè âåêòîðàìè àíàëîãè÷íû îïåðàöèÿì íàä ïðÿìîëèíåéíûìè âåêòîðàìè, ÷òî îáëåã-
÷àåò ïîíèìàíèå îáùåé òåîðèè âåêòîðîâ, íåñìîòðÿ íà å¼ óâåëè÷åíèå.

Â ïðèìåðàõ � 3,4 äîêàçàíà îøèáî÷íîñòü îáùåïðèíÿòîãî óòâåðæäåíèÿ, òîãî ÷òî ðåçóëüòàòîì âåêòîðíîãî
ïðîèçâåäåíèÿ äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ, ÿâëÿåòñÿ ïðÿìîëèíåéíûé âåêòîð.

Ïðèìåðû � 5,6,7 äîêàçûâàþò, ÷òî ðåçóëüòàòîì âåêòîðíîãî ïðîèçâåäåíèÿ äâóõ ïðÿìîëèíåéíûõ âåêòîðîâ,
ÿâëÿåòñÿ óãëîâîé âåêòîð. Ïåðå÷èñëèì îñíîâíûå àðãóìåíòû äàííîãî óòâåðæäåíèÿ:

Àðãóìåíò 1 ¾îò îáðàòíîãî¿. Èç âñåõ âîçìîæíûõ âåêòîðíûõ ïðîèçâåäåíèé âåêòîðîâ, âîçìîæíî ñóùåñòâîâà-
íèå òîëüêî âûøåîïèñàííîãî. Ïðèìåðû � 3,4,8 èñêëþ÷àþò âîçìîæíîñòü ñóùåñòâîâàíèÿ äðóãèõ âåêòîðíûõ
ïðîèçâåäåíèé.
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Àðãóìåíò 2. Äàííîå âåêòîðíîå ïðîèçâåäåíèå ñóùåñòâóåò, òàê êàê îáùèé ðåçóëüòàò (óãëîâîé âåêòîð) íàé-
äåííûé ðàçíûìè ìåòîäàìè ñîâïàäàåò (ïðèìåð � 5).

Àðãóìåíò 3. Òîëüêî äàííîå âåêòîðíîå ïðîèçâåäåíèå íàáëþäàåòñÿ â ïðèðîäå. Ïðèìåð � 6,7.

Àðãóìåíò 4. Ñëîâåñíîå äîêàçàòåëüñòâî â îáùåì âûâîäå âåêòîðíîãî ïðîèçâåäåíèÿ èñêëþ÷àåò âîçìîæíîñòü
ñóùåñòâîâàíèÿ äðóãèõ âåêòîðíûõ ïðîèçâåäåíèé.

Îïèñàíî îïðåäåëåíèå è ñâîéñòâà îáðàòíîãî âåêòîðà (ïðÿìîëèíåéíîãî è óãëîâîãî). Äàííûé âåêòîð ïîçâî-
ëÿåò ïðîèçâîäèòü îïåðàöèè âåêòîðíîãî äåëåíèÿ. Â ðåçóëüòàòå ïîÿâèëàñü âîçìîæíîñòü äëÿ âûâîäà ôîðìóë
ôèçè÷åñêèõ âåëè÷èí â êîîðäèíàòíî-âåêòîðíîì âèäå, êîòîðûå ðàíüøå íå óäàâàëîñü ïîëó÷èòü, êàê ïîêàçàíî
â ïðèìåðàõ �7,9

Ðàññìîòðåíû îïåðàöèè: ñêàëÿðíîãî ïðîèçâåäåíèÿ ñìåøàííûõ âåêòîðîâ, è âåêòîðíîãî ïðîèçâåäåíèÿ ñìå-
øàííûõ âåêòîðîâ.

Íàëè÷èå áîëüøîãî êîëè÷åñòâà ïðèìåðîâ ñâèäåòåëüñòâóåò î ïðèìåíèìîñòè ìîäåëè óãëîâîãî âåêòîðà è
ñîãëàñîâàíèåì åãî ñ îáùåé òåîðèè âåêòîðîâ.

Òåîðèÿ âåêòîðîâ ÿâëÿåòñÿ ôóíäàìåíòàëüíîé ìàòåìàòè÷åñêîé ìîäåëüþ, è äàííûå èçìåíåíèÿ ïðèâåäóò ê
óëó÷øåíèþ ìåòîäîëîãèè èçëîæåíèÿ ìíîãèõ ôèçè÷åñêèõ çàêîíîìåðíîñòåé, è ðåøåíèþ ðÿäà çàäà÷.

Äîïîëíåíèå: Ñòîèò îáðàòèòü âíèìàíèå åù¼ íà îäíó ïðîáëåìó � óñëîâíî ïðèíÿòîå ïîëîæèòåëüíîå ëåâî-
ñòîðîííåå óãëîâîå íàïðàâëåíèå. Ýòî ïðàâèëî óñëîæíÿåò ëîãè÷åñêîå ïîíèìàíèå ðåøàåìûõ çàäà÷, ïîòîìó
÷òî ëþäè ïðèâûêëè, ÷òî ïîëîæèòåëüíîå óãëîâîå íàïðàâëåíèå � ýòî íàïðàâëåíèå äâèæåíèÿ ïî ÷àñîâîé
ñòðåëêå. Ýòîò ñòåðåîòèï ëþäè çàïîìèíàþò ñ äåòñòâà. Ê òîìó æå çàäà÷à ëþáîé íàóêè � îáëåã÷èòü ïîíè-
ìàíèå êàêîãî-òî ïðèðîäíîãî ÿâëåíèÿ, è ÿ äóìàþ, ÷òî íóæíî ñ÷èòàòüñÿ ñ ýòèì ñòåðåîòèïîì. Åùå îäíèì
àðãóìåíòîì ïðîòèâ ïðèíÿòîãî ëåâîñòîðîííåãî óãëîâîãî íàïðàâëåíèÿ, áóäåò òî, ÷òî ýòî ïðàâèëî ïðèíÿòî
óñëîâíî, áåç êàêèõ-ëèáî ëîãè÷åñêèõ îáúÿñíåíèé.

Ñàìûìûé ëåãêèé ñïîñîá ðåøèòü äàííóþ ïðîáëåìó, ýòî, èçìåíèòü íàçâàíèÿ îñåé ñèñòåìû êîîðäèíàò è
åäèíè÷íûõ âåêòîðîâ, ðèñ.11. Íî ïðàâèëüíåå áóäåò, îôèöèàëüíî ïðèçíàòü ïîëîæèòåëüíîå íàïðàâëåíèå ïî
÷àñîâîé ñòðåëêè è çàíîâî âûâåñòè âñå ôîðìóëû â êîîðäèíàòíî-âåêòîðíîì âèäå.

Ðèñ. 11: Èçìåíåíèå ïîëîæåíèé êîîðäèíàòíûõ îñåé è åäèíè÷íûõ âåêòîðîâ

Áëàãîäàðíîñòü

ß õîòåë áû âûðàçèòü ãëóáîêóþ áëàãîäàðíîñòü Âèøíåâñêîìó Ìàêñèìó Âèêòîðîâè÷ó: ïåðâîìó ìîåìó ðå-
öåíçåíòó è äàâíåìó äðóãó, ìàòåìàòèêó è ñïåöèàëèñòó ïî êîñìè÷åñêîé îòðàñëè.
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